Good lattices yield a powerful method of computing multiple integrals.
1. Good lattices are known as a most efficient tool for computing numerically multiple integrals (see, for instance, [1] , [3] , [7] ). Given the s-dimensional unit interval Qs:
0<X,<1 (i= 1.....S),
we choose an integer m, described as the modulus, and a lattice point g, that is, a point or, equivalently, a vector with integral coordinates. Throughout, the coordinates of a point will be denoted by a letter with subscripts going from 1 to s, the point itself being denoted by the same letter in bold face. We put where Kr depends on the total variations of (4) in the sense of Vitali over Qs and its faces [7] .
It follows easily that under such circumstances the absolute value of the error of integration is bounded by (6) V(r+1)(t>, where, for any « > 2, p(">(g) = 2 R(h)~", this sum being extended to all lattice points h^O which satisfy (1) . It has been proved [7] that for any sufficiently large modulus z« and any lattice point g,
<7>
(s -i)!(iog 2y-'pbir and [8] that for any sufficiently large m there exist lattice points g modulo zzz satisfying
However, numerical evidence ( [4] , [2] ) suggests that Z^^g) = 0(p(g)~n log zw), and that for sufficiently large m, there exist lattice points with p(g) of the order of m/(log mY~2; this has been proved for s = 2 (see, for instance, [6] ).
2. In two dimensions, lattice points with the best possible ratio p(g) : m are constructed with Fibonacci numbers [6] , but in a higher number of dimensions, a laborious search for good lattice points is necessary. The first tables of good lattice points were produced by A. I. Saltykov [5] following a method devised by Korobov; they are reproduced in an appendix to a book [3] by the latter, and also in [4, pp. 158-165] ,
where the corresponding values of P^ are shown as well. It should be noted, though, that these lattice points, in three to ten dimensions, were obtained by a suboptimization procedure; more precisely:
(1) The set of numbers considered as possible moduli was restricted to primes, or, above 10007, to products of two large primes; in fact, later computations indicated that, on the contrary, the most favorable moduli were, with very few exceptions, composite numbers, and, more particularly, numbers having at least one small divisor.
(2) The lattice points were restricted to the type of <l,a, . . . ,as~1) in the case of prime moduli, and to the type of {px +p2,pxb +p2a, . . . ,P,fcî_1 +p2as~1)
when the modulus was a product px p2 of two primes.
(3) The optimized function was neither p(g) nor P^(g) for any particular choice of n, but, in the case of a prime modulus, a function H(a) such that H(a) -1 was of the same order of magnitude as P^2\g) without, however, being exactly proportional to it. When the modulus was a product of two primes, the connection between the minimized function and P^2'(g) was less obvious.
Tables of good lattice points in three and four dimensions based on the optimization of p(g) with g = (1, g2, . . . , gs) were compiled by Dominique Maisonneuve [4] .
An additional table of good lattice points in three dimensions with moduli ranging from 2120 to 6066 [2] was published by Gershon Kedem and the present author following the same principles. Both sets of tables show the values of Z^2)(g) and P^4\g) for each g. For two-dimensional Fibonacci lattices, a short table of values of Z^2)(g) can be found in [9] . Having chosen good lattice points g' modulo m and g" modulo m" in s' and s" dimensions, respectively, we take
with all coordinates reduced modulo 1, as an approximation of/ f(x)dx. If/is given by (3) and ch satisfies (5) 
, that is, if \ch\ <KrR(h')-^r+^R(h")-^+1\
where h' and h" are the components of h, (9) This expression will be denoted by KrC2^''+1^(g', g").
A similar argument applies to Cartesian products of more than two lattices. In particular, if we have three lattices generated by lattice points g', g", and g" in s', s", and s'" dimensions, respectively, (s' + s" + s'" = s), if the integrand satisfies the same conditions as before, and if we take as the approximate value of the integrand the average of/over the Cartesian product of the lattices generated by g', g", and g" and reduced modulo 1 in each coordinate, the error of integration is bounded in absolute value by *,c3<'+1>(g\ g", g'") = w(r+1)(g) + iX^'V) + iX/^V) + O -H- 5 . A special advantage of Cartesian products of good lattices arises when, in order to satisfy (ii) with r -1, we symmetrize the integrand as described in Section 3. Each of the lattices in the product has the previously pointed out property of symmetry.
As a result of it, we only have to replace the integrand by an average of 2S~2 values instead of 2i_I if we had a product of two lattices, and of merely 2s"3 values if we had three lattices in the product. Of course, the value of /at the origin has to be replaced by the obvious average of 4 or 8 values according to the number (two or three) of lattices in the Cartesian product.
This might still appear hardly useful since, by introducing a Cartesian product of two or three lattices, we lose a fair part of the general advantages of the method of good lattice points over iterated integration. However, this argument applies only to sufficiently large moduli, and "sufficiently large" in the context of large numbers of dimensions can be very large indeed. If the number of points over which we are willing to average the integrand is not "sufficiently large", a Cartesian product of two, or even three lattices may be more advantageous than a lattice generated by a single lattice point. Such a product is, of course, also a lattice; here and in what follows, by a lattice we mean a lattice of points reduced modulo 1 in each coordinate. We shall say that a lattice L dominates a lattice L' in the same number of dimensions if the number of points of I is smaller than that of Z.' and for L the value of p(2\ C$2\ or Câ ccording to the case is smaller than, or equal to, the relevant parameter of L'.
6. Here are some systematically compiled examples of Cartesian products of lattices dominating good lattices generated by single lattice points. We compare lattices obtained in six to ten dimensions by A. I. Saltykov [5] with products of Fibonacci lattices in two dimensions and of lattices due to D. Maisonneuve [4] in three and four dimensions. In order to have a fair comparison, the values of CJ2^ and C|2* are rounded off to the number of decimals with which the corresponding Z^2* was computed by D. Maisonneuve for Saltykov's lattices. We shall denote by Lim;gx,... ,gs) the lattice generated by g = (gx, . . . , gs) modulo z«, and by x the Cartesian product of such lattices, squares being also understood as Cartesian products. Ten dimensions. Saltykov produced six good lattices; but one of them, of 145087 points with pW = 15, is dominated by his own lattice of 130703 points with />(2) = |4 Clearly, the former lattice can safely be ignored; its appearance in the table was obviously due to the fact that its author neither optimized nor computed P^2\g) (see Section 2) . Each of the remaining five lattices is dominated by at least two Cartesian products of three lattices. We show here only three such products, namely those which appear to be the most advantageous. So far we did not take into account the advantages of Cartesian products of lattices which arise when the integrand has to be symmetrized. By way of example, it may be worth noting that if the integrand has to be symmetrized in at least three dimensions, the Cartesian product ¿(44; 1, 14, 20)2 x ¿(266; 1, 24, 40, 116) (514976 points) with CJ2) = 3.25679 ~ 3 will require less computing work than Saltykov's lattice of 155093 points, while yielding an upper bound of the computing error which is about one-quarter of that which corresponds to the latter lattice. 
